Abstract: Purpose -Analysis of the sensitivity of the valuation of the near -to -maturity European options (performed via the Fourier transform) on the parameter alpha and other risk factors. Design/methodology/approach -Research is based on an analysis of the sensitivity of the differences between the prices of the European options in the Black-Scholes framework with the theoretical values of the contracts generated by two methods based on the Fourier transform on the changes of different factors. Findings -The Black-Scholes model is better than other approaches based on the Fourier transform. Despite this, in the case of some models, e.g. stochastic volatility models, methods based on the Fourier transform, e.g. the Carr-Madan method or a new method proposed in the article, must be applied. Originality/value -An analysis of the sensitivity of the valuation of the near -to -maturity European options to different factors using two methods based on the Fourier transform (including one discovered by the author of the article).
Introduction
Options are used to speculate and to hedge against the price risk of an underlying asset. Because of their flexibility and diversity these instruments are willingly traded both on exchanges and the over-the-counter market.
The present article deals with the valuation of the near-to-maturity European options with the use of the Carr-Madan method (Carr, Madan, 1999 ) and a new method based on the Fourier transform (Orzechowski, 2016) . These approaches differ much from the traditional ways of pricing contingent claims. As a result of the fact that they are based on the Fourier transforms, they are considered to be more complex. On the other hand they are said to be more universal.
The aim of the article is a careful examination of both methodologies of pricing European options that are close to expiration and an analysis of their sensitivities to changes in risk factors.
The paper consists of several sections. At the beginning two techniques of pricing options are presented. The first is based on the solution of the partial differential equation of the second order; the other refers to the so-called martingale method. Next, it discusses methodology, sensitivity and problems related to the calculation of model price of the European options with the use of both the Carr-Madan and the new methods. Particular attention is devoted to the near-to-maturity contracts.
Selected methods of pricing options
In the financial literature two main approaches may be applied to the valuation of options. The first, developed by F. Black and M. Scholes (1973) , is based on a number of simplifying assumptions leading to the formulation of the second order partial differential equation, so called the Black-Scholes PDE. After lengthy transformations of the equation, the following formula for the price of the European call can be obtained (the method is referred to as BS): 
where: S T is the market price of the underlying asset at the time of expiration of the contract and σ is the standard deviation of the underlying asset' returns.
The second method, called the martingale method (the method is referred to as BS-M), originally proposed by J.C. Cox and S.A. Ross (1976) and J. M. Harrison and D. Krebs (1979) , refers to the general scheme of pricing shares, bonds, etc. According to the scheme price of the option is equal to the expected value of future payoffs generated by the instrument discounted with the risk-free rate under certain martingale measure q  . More formally, prices of the European calls and puts respectively can be calculated with the use of the following formulas:
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Alternatively, it can be written that:
where: ( )
is the probability density function dependent on filtration Ω τ and t = T -τ. If S T is a random variable with the following probability density function:
where: 0 ≤ τ ≤ T and t = T -τ is the time remaining to expiration, then the formulas for the prices of the European calls and puts respectively can be easily found, i.e.:
Unlike the above mentioned approaches, there are a number of alternative methods of pricing European options. In one class of methods, the Fourier transform is applied to the valuation of derivatives constructed on the basis of laws whose execution may be demanded by one party from another.
The most noticeable work presenting the application of the Fourier transform to the pricing of contingent claims is the work by G. Bakshi and D. Madan (2000) . In their approach both price of the underlying instrument and the exercise price from equation 6 are converted to logarithmic values. Next, the equation is split into two parts. To obtain the theoretical value of the European option each part of the formula is Fourier transformed and reversed.
An interesting modification of the G. Bakshi and D. Madan approach was proposed by M. Attari (2004) . He applied Fubini and residue theorems to merge two integrals from the Black-Scholes style equation into a formula involving a single one-dimensional integration.
Similar, in terms of computational speed and accuracy, is the method developed by D.S. Bates (2006) , which assumes that the option can be priced using a discounted cumulative distribution function, substituting the inversion formula for ( ) q S and integrating the result with respect to K.
Alternative concept was developed by A. Lewis (2001) , who performed a multiple transformation of equation 6, converted dependent variables to logarithmic values, expressed the value of the option as a convolution of two generalized Fourier transforms and finally applied Plencherel-Parseval identity to obtain the final price of the contracts.
Although the concepts based on the Fourier transform were developed by many authors, e.g. A. Lipton (2002) , it was P. Carr and D. Madan who discovered the most often applicable method based on the Fourier transform to pricing both vanilla and exotic options.
Valuation of the European call in the P. Carr and D. Madan method
To derive a formula for the price of the European call in the Carr-Madan method it is useful to refer to equation 6 and additionally assume that τ = 0. In consequence, equation 6 will take the following form:
is the probability density function dependent on filtration Ω 0 .
If a change of variables is performed according to the following scheme: ln
, equation 11 can be rewritten as:
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One can easily conclude that for K → 0 the function C K (T) is not square integrable and the Fourier transform of C K (T) does not exist. The solution of the problem is found by the modification of the function C K (T), i.e.:
where α is the positive constant.
The calculation of the Fourier transform and its inverse allows to determine the price of the European call, i.e.:
where:
( ) T φ ξ is the characteristic function of the variable s T .
Valuation of the near -to -maturity European calls in the Carr-Madan method
As an error resulting from the numerical integration of the sub-integral function in equation 14 becomes significant when determining the prices of the near-to-maturity European call, function z T (k) has to be constructed, i.e.: 
z k e e e e e q s ds
If the function z T (k) is Fourier transformed one can conclude that:
Knowing that the characteristic function of s T is expressed by equation 18, i.e.:
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correct (sic.) formula for the Fourier transform of the function z T (k) is of the form of equation 17. Finally, the price of the European call can be determined by the calculation of the inverse Fourier transform of the function
To eliminate the above mentioned problem P. Carr and D. Madan calculate the modified Fourier transform of z T (k) (the method is referred to as BS-FTTV):
and then determine its inverse. In consequence, the price of the near-to-maturity European call can be expressed in the following form:
Valuation of the European call in the new method
The new method of pricing the European call (the method is referred to as BS-FTN) can be divided into several steps. Firstly, the price of the underlying asset and the exercise price in equation 11 are converted to logarithmic values. Next, after splitting the obtained equation into two parts, each of them is Fourier transformed. In consequence, the first part of the equation takes the following form:
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and expected value of S T , equation 22 can be expressed as:
The second part of equation, after being Fourier transformed, takes the following form:
Finally, both Fourier transforms are inverted and the final price of the option is obtained, i.e.:
Sensitivity of the near-to-maturity European options
According to P. Carr and D. Madan application of the BS-FTTV method to the pricing of European options allows avoiding oscillations of the subintegral function in equation 21.
To make sure that it is true, sensitivities of the differences between call prices calculated by the BS and the BS-FTTV methods to the parameter α and all of the risk factors are determined. In the calculations, it is assumed that the prices of the underlying assets are at the level of 40, 60 and 80 respectively for the out-of-the-money (OTM), at-the-money (ATM) and in-the-money (ITM) options, the exercise price is 60, the free-risk rate amounts to 5% and the standard deviation of the underlying asset' returns amounts to 0. The most important results that were obtained can be divided into three groups depending on the type of analysed contracts. For the OTM options the following regularities may be observed: a) the more the contracts remain OTM, as they approach the moment of expiration, the bigger the differences between the BS and the BS-FTTV valuations; b) the higher the parameter α, the worse the accuracy of the BS-FTTV method; c) the higher the standard deviation of the rate of return of the underlying assets, the worse the accuracy of the valuation of options based on the numerical calculation of the inverse Fourier transform (especially in the periods close to the date of issuance of the contingent claims). For the ATM options the following relationships are observed: a) as the volatility of the underlying instrument increases, the time of issuance of options approaches and the risk-free rate grows, the divergence of valuations resulting from the application of the BS and the BS-FTTV methods becomes more conspicuous; b) the higher the parameter α, the bigger the oscillations of the subintegral function in equation 21. For the ITM options the following relationships are observed: a) as the parameter α grows and time approaches to the date of expiration of the problems with numerical integration become more significant; b) variability of the underlying instrument has a negative impact on the accuracy of the valuation in the BS-FTTV method; c) the closer the options are to ITM and the closer the date of expiration, the greater problems with numerical integration appear. In the second approach the parameter α does not exist which means that only sensitivities of the difference between call prices calculated by the BS and the BS-FTN methods to risk factors can be determined. In further calculations, assumptions concerning the prices of underlying assets, the exercise price, the risk-free rate and the standard deviation are the same as previously. All results are again obtained numerically with the use of codes written in package Mathematica 8.0. The generated results are presented in the figures below.
As previously, the obtained results can be divided into three groups depending on the type of the analysed contracts. For OTM options the following statements become true: a) the deeper the contracts are OTM, as they approach the moment of expiration, the more significant are the differences between the BS and the BS-FTN valuations; b) the higher the standard deviation of the rate of return of the underlying assets, the worse the precision of the valuation of options based on the Fourier transform technique. For the ATM options the following relationship can be noticed: a) as the variability of the underlying instrument increases, the time of issuance of options approaches and the risk-free rate grows, the divergence of the valuations resulting from the application of the BS and the BS-FTN methods becomes more conspicuous. For ITM options the following relationships are observed: a) volatility of the underlying instrument has an adverse influence on the accuracy of the valuation in the BS-FTN method; b) the closer the options are ITM and the closer the date of expiration, the greater problems with numerical integration appear.
Conclusions
This article presents the results of research concerning the valuation of the near-to-maturity European options priced with the use of Carr-Madan and new methods. It is extremely important that the methods can be easily applied to different models of the valuation of contingent claims and different types of contracts, i.e. vanilla and exotic options.
Although there are many possibilities of applying the BS-FTTV and the BS-FTN methods to the valuation of options, the BS methodology is most often used in practice. This is due to the following facts: a) the BS-FTTV and the BS-FTN methods generate theoretical prices of the options slower than the standard model developed by F. Black and M. Scholes; b) precision of the BS method is greater than the BS-FTTV and the BS-FTN techniques; c) unlike the BS method, precision of the BS-FTTV approach is sensitive to the parameter α and other risk factors. Although it seems that the analysed methodology of pricing contingent claims cannot be an interesting alternative for the BS method, it has a wide application in other models of pricing options, e.g. jump diffusion models (Duffie et al., 2000) , pure jump models (Madan et al., 1998) and the most advanced models of pricing options, i.e. stochastic volatility models (Heston, 1993; Stein, Stein, 1991) . In the latest case standard approach, i.e. the BS method cannot be used. For that reason the optimal choice of the Fourier transform scheme for the valuation of the European options becomes a vital issue.
It cannot be also forgotten that the methodology based on the Fourier transform can be applied both to pricing vanilla and exotic options (Zhu, 2000) .
